In this paper we study the dynamics of self gravitating spherically symmetric thin shells of counter rotating particles. We consider all possible velocity distributions for the particles, and show that the equations of motion by themselves do not constrain this distribution. We therefore consider the dynamical stability of the resulting configurations under several possible processes. This include the stability of static configurations as a whole, where we find a lower bound for the compactness of the shells. We analyze also the stability of the single particle orbits, and find conditions for "single particle evaporation". Finally, in the case of a shell with particles whose angular momenta are restricted to two values, we consider the conditions for stability under splitting into two separate shells. This analysis leads to the conclusion that under certain conditions, that are given explicitly, an evolving shell may split into one or more separate shells. We provide explicit examples to illustrate this phenomenon. We also include a derivation of the thick to thin shell limit for an Einstein shell that shows that the limiting distribution of angular momenta is unique, covering continuously a finite range of values.
I. INTRODUCTION
Constructing explicit solutions of Einstein's equations with matter that satisfies a physically acceptable equation of state, or, even acceptable energy conditions, has proved to be in general a quite difficult task. The problem may be simplified by the introduction of symmetries, for instance assuming spherical symmetry, and the imposition of extreme equations of state, such as, e.g., constant energy density. A further important geometrical simplification concerns the assumption that the support of the region where the matter density is non vanishing is an embedded hypersurface in the space time manifold, that is, that the matter is restricted to a shell. In some applications, such as the recent brane models, this is an essential assumption of the theory. In other cases, such as those where astrophysical applications are in mind, they should be considered as simplifying limits, and therefore, it is quite important to establish what are the configurations for which the shell is an idealized limit, and whether the resulting configurations are stable. As regards the simplifications on the type of matter, a particularly interesting class, because of its relevance in astrophysics, is the assumption that it is made out of collisionless particles, where each particle follows a geodesic of the mean field generated, at least in part, by the rest of the particles, and where the evolution of the gravitational and matter fields is governed by the Einstein -Vlasov equations [1] . The problem here is again that the general equations turn out to be complicated, and one must resort to further simplifying assumptions in order to get definite answers. This has led to the consideration of spherically symmetric models, where the particle trajectories are also restricted. Two of these restrictions have proved to be particularly useful. The first is the restriction to radial motions in the dust models. The other corresponds to the assumption that at each point there is a radially comoving frame, where the radial velocities of all particles vanish. In the case of spherical symmetry, this implies that for each particle moving in a certain (tangential) direction in the comoving frame, there must be another particle of the same mass, moving in the opposite (tangential) direction. This configuration was first considered by Einstein, and is known as one with counter rotating particles. If the particles are further restricted, at least in some spacelike hypersurface, to a region R in ≤ r ≤ R out , where r is the surface area radius in the spherically symmetric space time, we denote the system as an Einstein thick shell [2] , and, in the limit R in → R out , we have an Einstein thin shell of counter rotating particles [3] , [4] .
Regardless of the limiting process, we may consider thin shells of counter rotating particles and, as is clear after the appropriate equations are set, still be able to impose further restrictions on the particle motions. These systems, that are among the simplest dynamical models of matter in spherically symmetric space-times, were studied thirty years ago by Evans [5] , who considered a manifold with an embedded time like hypersurface, also with spherical symmetry, that represents the world tube of a thin shell. All matter content is within the hypersurface so that it is singular and the Darmois-Israel formalism [6] is applicable. In order to get definite equations of motion he also made two important assumptions that we will discuss later: i. particles inside the shell move along geodesics of the induced metric, and ii. the absolute value of the angular momentum is the same for all particles.
Models like that of Evans (as special cases of application of singular hypersurface theory) have been studied by a number of authors in different applications, including, for example, the analysis of certain properties of the evolution of star clusters [7] . The stability of single shells under some general assumptions on the type of matter contents has also been considered in the literature [8] but, as far as we know, the stability of the trajectories followed by particles within the shell, or the stability of a shell under possible splitting into separate components have not been analyzed. This is important, because, as we shall show, the equations of motion are satisfied also for shells that are intrinsically unstable, and therefore, certain results regarding the maximum compactness (ratio of radius to mass) may need revision when stability is taken in consideration. In the case of shells undergoing dynamical evolution, a new feature related to stability that results from our analysis is the possibility that, under evolution, an initially stable single shell may split into several separate components.
The plan of this paper is as follows. In the next Section we review the formulation of the model. In Section III we obtain the equations of motion for a shell with an arbitrary distribution of angular momentum for the constituent particles. Then, in Section IV, we consider some examples of static shells, including a two component shell, that shows explicitly that the equations of motion do not provide un upper bound to the possible angular momentum of the particles. In Section V we analyze single particle orbits, and obtain general conditions for the stability of the shell under single particle "evaporation". In Section VI we review the stability of the shells as a whole, finding results in agreement with those of previous authors. Sections VII and VIII are devoted to the analysis of the stability under shell division of both static and dynamic two component shells. Explicit stability conditions that relate the angular momenta to the radius and masses are obtained, and some explicit examples are analyzed. Although restricted to a two component shell, the results should be qualitatively applicable to more general configurations. We also include an Appendix where we show that the thin shell limit of an Einstein shell is a shell with a unique continuous distribution of angular momenta. We close with some additional comments on the results obtained.
II. THIN SHELLS DYNAMICS IN GENERAL RELATIVITY
To construct a general model of a thin, spherically symmetric shell of matter we consider a spherically symmetric space-time in which the thin shell corresponds to a timelike 3-surface Σ embedded in this space-time. Σ is the common boundary of two disjoint manifolds: M I and M II . Spherical symmetry implies that the line elements on M I and M II can be written as: ds
where F II = 1 − 2M II /r II and F I = 1 − 2M I /r I , and dΩ = dθ 2 + sin 2 θdφ 2 . We write the metric induced on Σ as
where (τ ,θ,φ) are coordinates on the shell, with τ the proper time of an observer at fixed (θ, φ) on the shell. We take r I ≤ R(τ ), and r II ≥ R(τ ). Therefore Σ can be described by: S I,II (r I,II , t I,II , θ, φ) = r I,II − R(τ ) = 0, and R(τ ) is the radius of the shell. We will apply the Darmois-Israel formalism for singular hyper surfaces to obtain the equations of motion of the shell. The non vanishing components of the extrinsic curvatures of Σ, respectively in M I and M II , in (τ ,θ,φ) coordinates are:
We can write the energy-momentum tensor for a singular hypersurface Σ as:
Then, Israel's junction conditions [6] are given by:
where for a tensor A, we define [A] = A II − A I , e i stands for ∂/∂τ , ∂/∂θ or ∂/∂φ on the shell, and n α is the unit normal vector of the shell. Applying equation (5) we have:
These equations are completely general, and, once they are supplemented with an equation of state for the matter contents, they completely determine the dynamics of the shell. A very simple example is given by a shell of "dust", where, S θ θ = S φ φ = 0. Then, (6) alone, up to integration constants, determines the dynamics.
In this paper we will be interested in the case where the matter comprising the shell is made up of non interacting particles, each particle being subject only to the (average) gravitational field generated by the rest, and, possibly by some other external source. In principle, then, one would expect that the particles move along geodesics of the total gravitational field. We notice, however, that the Christoffel symbols are discontinuous on the 3-surface. In particular, a world line contained in the shell that is geodesic with respect to the connection of region I is not a geodesic for the connection of region II, and viceversa, and more generally, a geodesic relative to the induced metric on the shell does not correspond to a geodesic in either M I or M II . We must, therefore, make more precise what we mean by "non interacting particles" in this context, since we expect the world lines of such particles to be geodesics in some well defined sense. [3] We will make the same assumption as Evans [5] : particles inside the shell move along geodesics of the induced metric. As a consequence of this assumption, angular momentum is a constant of the motion for each particle. Moreover, the restriction to spherically symmetric configurations, implies that for every particle moving with a certain velocity in a certain direction relative to the shell we must have another moving in the opposite direction, with the same speed, i.e., "counterrotating" particles, as in the Einstein model [2] , or, for the dynamical case, as in [5] . We notice that this assumption does not restrict the possible values of the particle's angular momentum to a single value. A particular example of a shell with a continuous distribution of values of the particle's angular momenta, is given by the limit of shells of counter rotating particles with non vanishing thickness (Einstein shells) as the thickness goes to zero. This is discussed in more detail in the Appendix, where we show that the limit thin shell must contain particles with a range of values of angular momentum, so that, in particular, the model analyzed by Evans does not correspond to the limit of an Einstein shell. It is, nevertheless, expected that different limiting distributions, either discrete or continuous, would result if instead of an Einstein shell one considers more general shells of Vlasov type matter. [9] Going back to the general formulation of the problem, and taking into account the symmetries of the problem, the 4-velocity of a particle in the shell is completely determined by the modulus of its angular momentum per unit rest mass L and the angle χ = tan −1 (u θ /u φ ), [5] , and may be written in the form:
where µ = τ, n, θ, φ, with n a Gaussian normal coordinate with respect to the shell. Therefore, we can write the surface stress-energy tensor as:
where i = τ, θ, φ, and σ(L, τ ) is the proper mass density of particles with modulus of angular momentum per unit rest mass L, at time τ . As we indicate in the next Section, particle number conservation leads to a more explicit expression for the functional form of σ(L, τ ).
III. EQUATIONS OF MOTION
The treatment in [5] was restricted to particles with a single value of L. This considerably simplifies the expression for S ij and, as a consequence, the form of the equations of motion for the shell. Here we consider the more general case, where the angular momentum of the particles can take arbitrary values.
We can use now particle number conservation to obtain first integrals for the Einstein equations. Equation (3.17) of [10] implies that the integral on a 2-surface contained in the shell world tube defined by τ = τ 0 :
where µ is the proper mass of the individual particles, is independent of the choice of τ 0 and represents the total number of particles inside the shell. Moreover, because of the lack of interaction between the shell particles, the number density of particles whose angular momentum is L:
is also constant. Taking this into account, the components S i j can be written:
A simple consequence of (12) is that,
and, therefore,
with equality approached only in the limit L 2 → ∞, corresponding to ultra relativistic (or massless) particles. If we define α = S θ θ /(−S τ τ ), then,
and equation (14) implies 0 ≤ α ≤ 1/2, and from (7), we have,
Notice that, given n(L), α depends only on R, and, therefore, (16) is an integro differential equation for R(τ ). Equation (12) together with (6) can be used to obtain:
and it can be checked that (17) is a first integral of (16).
, this expression can be written as (C = 2µ):
Equation (18) is a generalization of equation (2.35) in [5] for an arbitrary angular momentum distribution n(L). We can see that the qualitative features of the motion of the shell are the same as those described by Evans. V (R), f (R) and its first derivative have the following asymptotic behavior:
and,
where N is the total number of particles and L is the mean value of L. The "binding energy per particle" is the constant
binding energy is positive and the shell can reach infinity, otherwise, the shell may only reach a maximum possible radius. There are also solutions where the shell has a lower turning point, that is, the radius reaches a minimum value, which can be obtained solving V (R) = 0, for R. Some care should be exercised here, however, because (18) does not take automatically into account the signs of the square roots in (17). In the following Sections we consider some simple applications of this formalism, paying particular attention to the dynamical stability of the resulting models.
IV. STATIC SHELLS
The simplest dynamics results, of course, if the shell is static, with a fixed radius R = R 0 . In this case we must have bothṘ = 0, andR = 0. From (18), this implies both V | R=R 0 = 0, and (dV /dR)| R=R 0 = 0, and, therefore, the static shell radius corresponds to a critical point of V (R). These conditions are equivalent to settingṘ = 0, andR = 0 in (6) and (7), i.e.,
For a given distribution function n(L) these equations relate the equilibrium radius R 0 , and the masses M I , and M II with the parameters that characterize n(L). Some simple examples considered below illustrate this point.
A. Single Component Shell
Static single component shells are a particular instance of the systems analyzed in [5] . In this case we have
, that is, all particles have the same angular momentum L 0 . The resulting equations are:
It is interesting to solve these equations for L 2 0 and CN. We find,
For reasons that will be made clear below, we shall call this expression for L 0 , the critical value of the angular momentum for a shell of radius R, with exterior mass M II , and interior mass M I . For CN we get,
and we must require
and CN are only obtained provided 3
where β = M I /M II and the lower bound on the right hand side of (27) corresponds to β = 0. In this case (M I = 0), we also have,
The bound given by (27) has been considered as the correct lower bound for the compactness (i.e. ratio R/M II ) for this type of thin shells, with implications, for instance, for the maximum gravitational red shift for light emitted from their surface [9] . However, as we shall prove in the following sections in our analysis of the stability of the shells, this bound cannot be approached if the shell dynamics is governed only by gravitational interactions.
B. Shells with two components
A detailed analysis of the dynamics of shells containing particles with more than one value of L is rather complex in general. Nevertheless, even if we restrict to two components, that is, to two values of L, some interesting features appear that deserve closer examination. In this case we have that the number density for particles with angular momentum L can be written as n(
, and, therefore, after some simplifications, we have,
We may solve these equations for N 1 , and N 2 ,
where L 0 is the critical value of L, given by (25). This result implies that N 1 and N 2 will be positive, as required by the particle interpretation, provided only that either This can be seen as follows. For a static shell with n components, we have N i , i = 1 . . . n, and corresponding L i , i = 1 . . . n, and we may assume
Then from the equations generalizing (29), and (30), and the definition of L 0 , we have,
Combining (32), and (32), we have,
while from (34) we obtain,
which contradicts (35), and, therefore, the assumption that L 1 ≥ L 0 , and N i > 0. Similarly, we may prove that we must have L n ≥ L 0 , with the equal sign holding only if L i = L 0 for all i.
Going back now to the two component shell, we find that (31) is a very intriguing result, because it implies that the angular momentum of the particles in one of the components, say L 2 , can take arbitrarily large values for any admissible R and M, and we still have an admissible solution. But this is also true even if R >> M, where the regime is essentially Newtonian, and since large L 2 implies large speeds for the particles, it is hard to see how the particles would remain bound to the shell, if only the gravitational attraction of the other particles is responsible for the particle trajectory. Similar problems arise when we consider more than two components. As a first step towards understanding this property of the solutions of the equations of motion of the shell, in the next Section we analyze the stability of single particle orbits.
V. STABILITY OF SINGLE PARTICLE ORBITS
We recall that the hypersurface Σ containing the shell may be considered as a boundary for either M I or M II . Let us fix now our attention on one of the particles moving on the shell with 4-velocity u α . From metric continuity, we may consider this particle as contained in either M I or M II , with the same 4-velocity u α . In general, from the point of view of M I or M II , namely considering its world line as a curve on either part of the space time, the particle does not follow a geodesic path, but rather, it has a non vanishing 4-acceleration. To analyze the stability of the orbit of a single particle moving on the shell with 4-velocity u α , we consider an infinitesimal (radial) displacement of its world line, so that the particle may now be considered as moving freely in either M I or M II , depending on the direction of the displacement. Because it moves now along a geodesic close, but outside Σ, the particle will acquire an acceleration relative to the shell. The motion will therefore be stable if the acceleration points towards the shell, but it will be unstable is the relative acceleration points away from the shell. To illustrate this point, and before we discuss the general case, let us consider a static shell, of radius R and (external) mass M II , which, in accordance with our previous discussion may contain particles with arbitrarily large angular momentum L p . The metric in the external region M II , (r > R) may be written as,
Assuming equatorial motion, (θ = π/2), and calling σ the proper time along the particle world line, the geodesic equations imply dφ/dσ = L p /r 2 ,
Since, for a particle on the shell (r = R) we have dr/dσ = 0, for R > 3M II the motion will be stable against "single particle evaporation", only if, for R > 3M II , we have L 2 P < M II R 2 /(R−3M II ), while for R ≤ 3M II , all orbits are stable. This is, of course, a consequence of the fact, that in Schwarzschild's space time, time like geodesics cannot have a lower turning for r ≤ 3M. We also remark that for a single component shell, L p = L 0 , and, as can be checked, the shell is always stable under single particle evaporation.
To analyze the more general case of a dynamic shell it will be advantageous to introduce a coordinate system (τ, ρ, θ, φ), adapted to the shell, where ρ is a gaussian coordinate normal to Σ. We are only interested in the limit ρ → 0. Then, keeping only terms up to linear order in ρ, in the neighbourhood of the shell (ρ = 0), we may write the metric in the form,
where A, B, C and D are functions of τ given,
where M ± = M II for ρ > 0 (the exterior region), and M ± = M I for ρ < 0 (the interior region). R = R(τ ) is the shell radius, and dots indicate derivatives with respect to τ . We also require M II > M I , for consistency. This metric is continuous, with discontinuous first derivatives. For a particle instantaneously moving on the shell we have dρ/dη = 0, where η is the proper time along the particle world line. Considering again an infinitesimal (positive) radial displacement, so that the particle follows a geodesic path in M II , the motion will be stable only if for the resulting world line d 2 ρ/dη 2 < 0. Without loss of generality we may consider equatorial motion with θ = π/2. Then we have,
where u α = dx α /dη. Then, the geodesic equations of motion imply,
This results reduces to (39) for the static caseR = 0,Ṙ = 0, the apparent difference being due to the different definitions of r and ρ. For R > 3M II andR ≤ 0, this result implies that for sufficiently large L p , we have d 2 ρ/dη 2 > 0, and the resulting motion is unstable. The, perhaps, unexpected result is that for sufficiently largeR > 0, that is, a shell undergoing fast accelerated expansion, we may have d 2 ρ/dη 2 < 0 for all L p , so that the shell is stable against "single particle evaporation". One can check that this condition is consistent with the assumption that the shell is made out of counter rotating particles, but we shall not give the details here.
We may also consider a negative infinitesimal displacement. In this case, we obtain again (43), but now with M I , replacing M II , and now stability corresponds to d 2 ρ/dη 2 < 0. The analysis is similar to that for (43), and will not be repeated here.
The foregoing considerations apply only to what we might call " single particle evaporation". Perhaps of much greater interest is the stability of the shell as a whole. Here, however, we must distinguish different modes. We shall restrict to modes that preserve the spherical symmetry, and consider two cases. The first, analyzed in the next Section, will be the stability of stationary configurations, and the second, in the case of shells with a distribution of values of L, the stability under separation of components.
VI. STABILITY OF STATIC SOLUTIONS
To analyze the stability of static solutions we consider again (16). Setting nowR =Ṙ = 0, we find,
where R 0 is the static shell radius. This can be solved for α,
Since α(R 0 ) ≤ 1/2, we obtain the bound [9] ,
for any shell of counter rotating particles. The lowest value can only be approached for M I = 0. This is the same as (27), but in this case there is no restriction on n(L).
We consider now a small perturbation of the shell radius that preserves spherical symmetry and the angular momentum distribution n(L). Then α may be considered as a function of R only, and we have α ′ = dα/dR < 0. We introduce δR(t) such that R = R 0 + δR(t), and expand (16) to first order in δR and its time derivatives. After some simplifications using also (45), we find,
Since we take M II > M I , and we must have R 0 > 2M II , the first term on the right hand side of (47) is always negative, contributing to stability, while the second term is always positive, tending to make the system unstable.
We may consider now two limits. First, from (15), for large R 0 , assuming R 0 >> L in (15), we have,
where angle brackets indicate average with respect to n(L). Then, from the the staticity condition (45), we have,
and, replacing in (47), we find,
Therefore, all static shells are stable (as regards the mode considered here) for sufficiently large R 0 . The other limit is as R 0 approaches the minimum value allowed by (45) and α ≤ 1/2. But this requires α ≃ 1/2, which in turn requires large values of L as compared with R 0 in (15). In this case we have,
Then, as R 0 approaches the minimum value, we have α ′ (R 0 ) → 0, and, therefore, from (47), we conclude that all shells are unstable in this limit. To find the minimum stable radius R s , from (47), we see that for stability we must have,
from which we may obtain the minimum equilibrium radius R s , for a given distribution function n(L). As an example, for a single component shell we have
, and (45) implies,
Then, from (52) we find that R s is a solution of,
The appropriate root of (54) As indicated in Section IV, in the case of shells with a distribution of values of L, one can have solutions of the equations of motion even if the shell contains particles with arbitrarily large values of L. As shown in Section V, this may lead to instabilities under "single particle evaporation", but it is natural to question the possible stability of such configurations as a whole. It turns out that the general problem is rather cumbersome and hard to handle. Nevertheless, one can get important information and insight by considering first static shells. In this Section we consider the stability of such shells under the further, but not trivial, simplification of assuming only two components, one with angular momentum L 1 , and other with L 2 , with L 2 > L 1 . This configuration was already analyzed in Section IV, to obtain the static solution, assuming an inner mass M I , outer mass M II , and shell radius R 0 . The central idea here will be to assume that the L 1 and L 2 components are infinitesimally displaced from the static radius R 0 , the first to the inside and the second to the outside, so that we have now an intermediate vacuum region separating the two resulting shells. Let M int be the mass parameter for this intermediate region. On account of the derivations in Section III, and assuming that the shells acquire no velocity in the displacement, we have,
where R 1 and R 2 are the shell radii and τ 1 and τ 2 the corresponding proper times. We also have,
We may use now (31) to eliminate CN 1 and CN 2 from these equations and solve for M int . We find,
which is of the form,
with w i > 0 and w 1 + w 2 = 1, so that we always have 
We can check that this is indeed a critical condition by computing, e.g., the partial derivative of the R.H.S. of (58) with respect to L 2 , keeping L 1 , R 0 , M I , and M II fixed, evaluated assuming (63) holds. The result is, . The value (65) coincides with the single particle stability limit, but we may also check that for this configuration, with L 
Here stability requires,
which is again the single particle stability limit, but for L 2 , with similar considerations as for L 1 . The important general conclusion from this analysis is that the criterion for stability under shell division is stronger than that for single particle evaporation, since it leads to critical L i values that are either lower for L 2 , or higher than L 1 than those required from single particle stability.
It is interesting to check also that a static shell with a single component is stable under splitting. We consider again Eqs. (57,58,59,60), with L 1 = L 2 = L 0 . From (59,60) we find,
with N 1 , and N 2 restricted by,
but otherwise the ratio N 2 /N 1 is arbitrary. Replacing (67), and L 2 = L 0 in, e.g., (58)
so that the shell is stable for all ratios N 1 /N 2 .
VIII. STABILITY UNDER SHELL DIVISION OF NON STATIC TWO COMPONENT SHELLS.
As indicated in the previous Section, the stability analysis in the general non static case is, even for a two component shell, considerably more complicated in detail than in the static case. The analysis may be carried out along lines similar to those used for the stability under single particle evaporation. We first notice that for a two component shell the equations of motion are,
where,
where R = R(τ ),Ṙ = dR/dτ , and τ is the proper time for an observer that moves radially with the shell. Notice that (72) is actually a first integral of (70). A particular solution of the equations of motion is determined by fixing, for some particular value of τ , say τ = τ 0 , appropriate values of
, CN 1 ≥ 0, and CN 2 ≥ 0, and a corresponding radius R(τ 0 ) = R 0 , such that (72) may be solved for a real value of dR/dτ . We consider now, as in the previous Section, for the same value of τ = τ 0 , an infinitesimal displacement of the components, so that we have two shells, one made out of the particles with L 1 , and the other with L 2 , separated by an intermediate empty region with mass M int . We assume that
are not modified by this displacement, and that the shells have initially vanishing relative velocity. If we look now at the L 2 component, its equations of motion should be,
where R 2 = R 2 (τ 2 ), and τ 2 is now the proper time for the L 2 shell. We assume that for τ = τ 0 we also have τ 2 = τ 0 , so that R(τ = τ 0 ) = R 2 (τ 2 = τ 0 ). From the above assumptions and metric continuity, we also have dR 2 (τ 2 )/dτ 2 = dR(τ )/dτ . Then, we may use (75) to compute M int , and then obtain d 2 R 2 (τ 2 )/dτ 2 2 from (73). We might be tempted to conclude that the condition for stability of the shell should then be
2 , but this could in principle be incorrect, because of the different meanings of the proper times τ , and τ 2 . It turns out, however, that this is the correct criterion. We may prove this as follows. From the point of view of an observer in the region M II , the motion of the shell is described by a function R = R(t II ), and we have the following relations between the derivatives with respect to t II and to proper time τ (or τ 2 ) of the shell,
from which we may also compute
. From these expressions we may finally derive,
and a similar expression with R replaced by R 2 and τ by τ 2 . But, from the above assumptions, for τ = τ 2 = τ 0 we have dτ /dt II = dτ 2 /dt II , and then the shell with the larger proper radial acceleration will also be seen to have the larger radial acceleration with respect to t II . Moreover, the critical condition, i.e., equality of the second derivatives with respect to t II , implies also equality of the second derivatives of R, and R 2 , with respect respectively to τ and τ 2 . If we assume that at a certain point, we have R(τ ) = R(τ 2 ), dR/dτ = dR 2 /dτ 2 , and
, an replace in (70) to (75), we obtain the following condition,
which is seen to be a simple generalization of the critical condition for stability for static shells given by (63). It is again remarkable that this is also the critical condition if we consider stability for the shell with L 1 . Since the values of R and dR/dτ change as a function of τ , a shell that is initially stable may become unstable as it expands or contracts, and spontaneously split into two separate components, one with angular momentum L 1 and the other with L 2 .
However, for an expanding shell, as R increases, assuming given value of L 1 , M I , and M II , (78) is satisfied for increasing values of L 2 . This can be seen solving (78) for L 2 2 , and assuming that R is much larger than the other quantities in (78), (we recall thatṘ = dR/dτ is always bounded, even for R → ∞). The result is,
and, therefore, for sufficiently large R, any L 2 will satisfy the stability condition. Since instability results for either L 2 larger (or L 1 smaller) than the critical value, we conclude that any two component shell necessarily becomes stable if it expands to sufficiently large values of R.
The derivations for the two component shells strongly suggest that these results hold also for any multi component shell. If this is correct, a thin shell with a continuous distribution of L values might, upon evolution, turn into a thick shell with a continuous plus a singular distribution of matter, an interesting result in view of some theorems [11] on the emergence of singularities in Vlasov -Einstein systems. We shall consider this point in more detail in a separate paper.
Going back to the stability problem, in principle, given
and CN 2 , we may solve (72) for (dR/dτ ) 2 , and replace in (78) to obtain an equation for R in terms of these constants, whose solutions contain the values of R where the shell becomes unstable. Unfortunately, the explicit expressions are too complicated to allow for a simple interpretation of their meaning. Instead, we consider several explicit examples where we integrate (70), and use the resulting R(τ ), and dR/τ to compute M int , and then the right hand side of (77), also as a function of τ . The shell will become unstable if this is larger than d 2 R/dτ 2 in (70). Similarly with regards to the shell with L 1 , except that here the shell becomes unstable when the corresponding acceleration is smaller than d 2 R/dτ 2 , but we must emphasize that, as shown above, the instability condition is always simultaneously satisfied for both component shells.
As a first example we consider a solution of the shell equations that corresponds to a bounded periodic motion. For this example we chose M I = 0.45, M II = 1, C = 1, L 1 = 2.8,L 2 = 3.7, N 1 = 0.3119, and N 2 = 0.8044. Figure 1 shows R(τ ) as a function of τ for this choice of parameters. We have two turning points, one for R = 8., and the other for R = 40.0.... The period is ∆τ ≃ 940. We have chosen τ = 0 at the lower turning point
To analyze the stability under shell splitting, we computed d 2 R 2 /dτ . The curve is restricted to 50 ≤ τ ≤ 140 to show the point where the shell turns from a stable to an unstable motion, at the critical value τ ≃ 86, corresponding to R ≃ 17.. The motion is unstable to the left and stable to the right of this point. Given the fact that the motion of the shell as a whole is periodic and invariant under τ → −τ , we conclude that the motion is stable under shell splitting for R >∼ 17 and unstable for R <∼ 17. We must remark. however, that the if the shell starts its motion in the stable region, and a splitting does occur at the critical point, the ensuing motion will no longer be periodic, because the resulting separate shells evolve with different proper times, and, in general, they will have a non vanishing relative velocity when they cross each other again. This kind of motions has been investigated by Barkov, et.al., [7] who find a very complex chaotic like pattern for the motions of the separate shells. Thus, in this example, a highly ordered initial state, corresponding to a single shell, may turn into a very complex, non periodic motion of the separate shells. The analysis of the motion of the shells after separation is, however, outside the scope of the present analysis.
In general, it is also possible to find choices of parameters such that, for bounded periodic motions, the shell is unstable at all points, or, on the contrary, it is stable at all points.
As a second example we take M I = 0.6295, M II = 1, C = 1, L 1 = 10,L 2 = 11, N 1 = 0.2, and N 2 = 0.3. Figure 3 shows R(τ ) as a function of τ for this choice of parameters. We have a single turning point for R = 8., and we have chosen τ = 0 at this point. Here we have two critical points, one at τ ≃ 6.03... corresponding to R(τ ) ≃ 9.10..., (see Fig. 4 ) and the other for τ ≃ 232.5..., corresponding to R(τ ) ≃ 246.7... (see Fig. 5 ). The motion is unstable for R in this range, but stable near the turning point, and for R larger than the larger critical value, in accordance with our previous discussion on the behaviour for large R.
IX. COMMENTS AND CONCLUSIONS.
One question that arises in trying to interpret the instabilities we have found in this paper is why do we have this ambiguity at the critical points, and unstable regions, where, both a single shell and a split pair are compatible with the equations of motion for the particles, that are explicitly assumed to be collisionless, and interact only gravitationally. A possible answer is that the equations of motion for the shell contain implicitly a "constraint" that forces the particles to remain on the shell. The effect of the constraint is irrelevant in the stable region, where, at least in the Newtonian limit, one can see a "wedge" shaped potential, keeping the particles at the bottom of the wedge, but is crucial in the unstable region, where the wedge can no longer restrain the particles. This "constraint", would have to correspond to a massless but both stiff and elastic structure, and , therefore, we consider the splitting interpretation as the more physical one in our case. This would clearly have to be taken in consideration in any application to physically meaningful systems.
APPENDIX: THE THICK TO THIN SHELL LIMIT FOR STATIC EINSTEIN SHELLS
We consider a static thick Einstein shell, that is, a spherically symmetric space time where the matter contents is made out of equal mass, non interacting particles moving along circular geodesics, and confined to a spherical shell of non vanishing thickness. The metric for this space time may be written in the form,
We assume a central source of mass M I , and that the shell is restricted to R i ≤ r ≤ R o , with 2M I < R i . Then, for 2M I < r < R i we have,
Because where C is a constant. The stress-energy-momentum tensor is given by,
where µ is the mass of the particles, n(r) is proportional to the proper particle number density, and the particle 4-momenta p a are averaged over all space directions, compatible with the condition of circular geodesic motion. Since p r = 0 for all particles, this implies that all components of the form T r a vanish. In particular, imposing T r r = 0 on Einstein's equations we find, dν dr = 2m(r) r(r − 2m(r)) (A.5)
Moreover, the condition of circular orbits implies that for all particles p a satisfies,
where L is the particle's angular momentum per unit mass. A simple computation then shows that the only non vanishing components of T ab are, We shall be interested in the thin shell limit, where R i → R o → R 0 , where R 0 is some radius. Then, unless the shell is empty, ρ approaches a Dirac's δ form, and so does n(r), which is therefore singular in this limit. Nevertheless, as we shall show, if instead of considering the number of particles at a given r, we look at the distribution of values of L 2 , we find that as the shell becomes thinner and thinner, this distribution approaches a unique smooth form, that depends only on M I , M II , and, and the radius R 0 of the limiting thin shell. This can be seen as follows.
The condition that the world lines of the particles be geodesics of the metric (A.1) imposes that,
r − 3m(r) (A.10) which makes explicit the condition that no part of the shell may have r ≤ 3m(r). In particular, we must have R o ≥ 3M II , so that thick shells cannot be made more compact than thin shells. From (A.10) we get, and therefore dL 2 /dr > 0 for r > 6m(r), or dm/dr sufficiently large. We will be interested in the case where R i → R o , where dm/dr becomes arbitrarily large, since m(r) grows from M I to M II in an arbitrarily small interval of r. In this case, we may assume dL 2 /dr > 0, and therefore, we have that L 2 grows monotonically in the interval,
Let nowñ(r)dr be the total number of particles between r and r + dr. where we have taken the thin shell limit R i → R o → R 0 , and L 2 is restricted to the range,
Thus we see that in the thin shell limit, an Einstein shell contains particles with a unique continuous distribution of angular momentum given byn(L 2 ), with L 2 varying continuously in the range (A.18).
